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Abstract 

In this paper, we study how the distance spectral radius behaves 
when the graph is perturbed by grafting edges. As applications, we 
also determine the graph with k cut vertices (respectively, k cut edges) 
with the minimal distance spectral radius. 
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1 Introduction 

The distance matrix of a graph, while not as common as the more familiar 
adjacency matrix, has nevertheless come up in several different areas, in- 
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eluding communication network design [6J, graph embedding theory jUCOIB], 
molecular stability P2JJ EEE], and network flow algorithms [31 IS]- So it is in- 
teresting to study the spectra of these matrices. In this paper, we study the 
largest eigenvalue of the distance matrix of a graph. 

Throughout this paper, we will assume that G is a simple, connected 
graph of order n, that is, with n vertices. Let G be a connected graph with 
vertex set {1, . . . , n}. The distance between vertices i and j of G, denoted by 
dist(z, j), is defined to be the length (i.e., the number of edges) of the shortest 
path from i to j [2]. The distance matrix of G, denoted by D(G) is the n x n 
matrix with its (z,j)-entry equal to dist(z,j), i,j = 1,2, ...,n. Note that 
dist(z,i) = 0, % — 1, 2, . . . ,n. The distance eigenvalue of largest magnitude 
is called the distance spectral radius, and is denoted by Ai. Balaban et al. 
[1] proposed the use of Ai as a structure-descriptor, and it was successfully 
used to make inferences about the extent of branching and boiling points of 
alkanesdJS]. 

In this paper, we determine the graph with k cut vertices (respectively, 
k cut edges) which has the minimal distance spectral radius. 

Main results 

Let G be a connected graph. Let deg(v) (or deg G (u)) denote the degree of the 
vertex v in G. We define a pendant path of G to be a walk VqV\ • ■ ■ v s (s ^ 1) 
such that the vertices v , V\, . . . , v s are distinct, deg(v ) > 2, deg(i> s ) = 1, 
and deg(fj) = 2, whenever < i < s. And Vq, s are called the root and the 
length of the pendant path, respectively. 

We give a generalization of Theorem 3.5 in [T2] . 

Theorem 1.1. Let u and v be two adjacent vertices of a connected graph 
G and for positive integers k and I, let Gk,i denote the graph obtained from 
G by adding paths of length k at u and length I at v. If k > I ^ 1, then 
Ai(G fc> ,) < Ai(G k+1 ^x); if k = I > I, then Ai(G fc> ,) < A^Gfc+i.z-i) or 
Ai(G k>l ) < A 1 (G , fe _ y+1 ). 
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Fig. 1. Graphs G k ,i, G k +i,i-i, G k -i,i+i. 

Proof: Label vertices of Gk,i, Gfc+i,z-i, Gk-1,1+1 as in Figure 1. We partition 
V(G ki i) into AU{k + 2}U BUCU DU E, where 



A = 


{l,...,k + l}, 


B = 


{k + 3,...,l + k + 2}, 


C = 


{j | dist(i, k + 1) + 1 = dist(i, k + 2)} 


D = 


{j | dist(j,fc + l) =dist(i,A: + 2)}, 


E = 


{j | dist(j, k + 1) = dist(j, k + 2) + 1} 



When we pass from G to G', the distances within A U {A; + 2} U B and within 
CUDUS are unchanged; the distances between A and CU DU E , {fc + 2} 
and E are increased by 1; the distances between 5 and CU-DU-E, {fc + 2} and 
C are decreased by 1; the distances between {k + 2} and D are unchanged. 
If the distance matrices are partitioned according to A, {k + 2}, B, C, D, 
E, their difference is 
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D(G k +i,i-i)-D(G k ,i) 
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and i = A, C, D, E. Let x = (x±, . . . , x n ) 1 be a positive eigenvector corre- 
sponding to Ai(Gk,i)- Then we have 



i(A 1 (G w _ 1 )-A 1 (G' M )) > ^(DiGk+u^-DiGk^x 



(1.1) 



Y x i-Y x A Y 



vie A 



jeB / jecuDus 



iec 



jeE 



> [Y x ^~Y x ^~ x k+2 Y 



Xj. 



vie A 



jeB 



Similarly, we have 



1 t, 



jeCuDuE 



}X 



-(M(Gk-i,i+i) - HG k ,i)) > -x\D{G k ^, l+l )) - D(Gk,i)) 

= [Y x ^ + Xk+2 - Y x 3 + Xk + i I Y 

\jeB jeA / jeCuDuE 



jeE 



> [Y x i + Xk + 2 - Y X A Y 

\j€B jeA J jeCVJD 



Xj. 



jeA / jeCuDuE 

n 

Since D(G k ,i)x = A^G^ijx, i.e., A^G^Xi = dist(i, j)xj, for 1 ^ % ^ 

i=i 

n, we get: 



4 



if 1 ^ % ^ I + 1, then 

s 

Ai(G k ,i)(xi - xi+k+^i) = ) j (l + k-2m + 3)(x; +fc+3 -m ~ x m ) + (k - I) 

m=l jeD 

+ ( k _ Z _ i) j^xj + (k - 1 + 1) x i 

j&C j£E 

i-l 

~ 2 ^ ] (^+fc+3-m ~~ x m)] 
m=l 

if I + 2 ^ i ^ s, then 

Ai(G&,j)(^-^+fe+3-i) = ^ + - 2m + 3) (x; +fc+3 _ m - x m ) (1.3) 

m=l 

i-1 

+ (k + l + 3-2i) Xj- - 2 (x i+jt+3 _ m - x m )\ 

jeCUDUE m=l 

where s = l+k + 2 ; if / + A; is even; and s = , if Z + A; is odd. 

From Eqs. fl X . 3 H and ( ll.4j) . we get: 
if 2 < i < Z + 1, then 

Ai(Gjfe,j)(a:i-i - xi+k-i+i) - Ai(G k) i)(xi - xi +k+3 ^) (1.4) 

i-l 



2 ^ ^(x; + fc + 3_ r — £ r ); 



r=l 



if z = Z + 2, then 

Al(Gfc i ;)(x i _i — Xj + fc_j + 4) — A 1 (G , fc ) i)(Xj — £;+fc+3-j) (1.5) 
i-l 

= 2 y^(x; +fc+ 3-r - X r ) + ^ + 2 ^ 

r=l je-D je-E 

if Z + 3 ^ % ^ s, then 

Al(Grjfc,j)(Zi_l - £ i+fc _ i+4 ) - Ai(G fc j)(Xi - X; +fe+3 _i) (1.6) 
i-l 

= 2 y^(x; +fc+3 -r - X r ) + 2 X r 
r=l jeCUDuE 

Equation ( 11. 51) implies that, for 1 ^ i ^ Z + l, the differences xi+k+3-i — X{ 
are either all non-positive or non-negative. 
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Case 1. k = I. 

If Xi + k+z-i — x i ^ 0, for all 1 ^ i ^ I + 1, then 

So we get Ai(Gfc,«) ^ Ai(G fc+M _i). Here, if Ai(G fc ,j) = Ai(G fc+ i^_i), then 
the last equality in (11.21) holds, which implies that 

2 5>. + $>, = o, 

jGE jeD 

i.e., D = E = 0. Since i-1 ^ Z = s-1, for 1 ^ m ^ Z + £;-2m + 3 ^ 2, 
we get 

s i—1 

^2(l + k-2m + 3)(a; l+ fc +3 _ m - x m ) - 2 ^(x; +fe+3 _ m - x m ) < 0. 

m=l m=l 

Combining this with the fact that x is a positive eigenvector corresponding 
to Ai(Gk t i), we get that the right side of equation (11.31) is strictly less than 0, 
which contradicts the fact that the left side of equation (11.31) Ai(Gk t i)(xi — 
x l+k+ ^i) > 0. So we get A 1 (G Jfe){ ) < K x {G k+u ^x). 

If xi + k+3-i — Xi ^ 0, for all 1 ^ i ^ I + 1, we can get A^G^) < 
A^Gfc-i^+i) similarly. 

Case 2. > I. 

If X;+fc + 3_j — ^ 0, for all 1 ^ % ^ Z + 1, then from Eqs. (11.61) and 
(11.71) . we can get that xi + k+z-i ~ x % ^ 0, for all Z + 2 ^ i ^ s. Similar to the 
above case, we get that the right side of equation (11.51) is strict larger than 0, 
which contradicts the fact that the left side of equation (11.31) Ai(Gk,i)(xi — 
xi + k+3-i) ^ 0. So this case is impossible. 

If xi + k+3-i — Xi < 0, then x j ~ Yl x j ~~ x k+2 > 0, which implies that 

jeA jeB 

Ai(G fc ,i) > Ai(G fc+ i,i_i). 

This completes the proof. □ 
From the proof of above theorem, we get the following corollary. 
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Corollary 1.2. Let vi and v m be two adjacent vertices of connected graph 
G. Let Pi and P m be two pendant paths with roots Vi and v m , respectively. If 
I > m, then 

jeViPt) jev(p m ) 

Theorem 1.3. Let C\ be a component of G — u and v±, . . . ,vt (1 ^ k ^ 

deg G (-u) — deg Cl (u)) be some vertices of N G (u) \ N Cl {u). Suppose N Cl {u) \ 
{v} = Nc\(v), where v is a vertex of C\ adjacent to u. Let G' be the graph 
obtained from G by deleting the edges uv s and adding the edges vv s (1 ^ s ^ 
k). If there exists a vertex w G V(G)\(V(Ci)L){u}) such that dist a (w,v s ) < 
dist G '(w,v s ), for all 1 ^ s ^ k, then Ai(G) < Ai(G"). 

Proof: We partition V(G) into A U B U {u} U {v} U C, where 

A = {«!,..., u fc }, 

B = V(G)\(AuV(C 1 )U{u}), 

c = viOMv}. 

From G to G', the distances between A U B and C are unchanged; the 
distances between A and {u} U {w} are increased by 1; the distances between 
A and {v} are decreased by 1; the distances between A and B\{w} are not 
decreased. Let )* be a positive eigenvector corresponding to 

Ai(G). Similar to the proof of above theorem, we have 

^(A 1 (G")-A 1 (C)) ^ l -x\D{G')-D{G))x 
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)Xj 



n 

Since D(G)x = Ai(G)x, i.e., Ai(G)xi = dist(i, j)xj, we can easily get 

n 

(Ai(G) + + x„ - x„) = ^ (dist(it?, j) + dist(it, j) - dist(v, j))xj + (x w + x u - x v ) 

3=1 

= ^ (dist(w, j) + dist(w, j) - dist(v,j)): 

j£AU(B\{w}) 

+ J^(dist(w,j) + dist(w, j) - dist(v, j)); 

+ (dist(«?, w) + dist(it, it?) — dist(i>, w))x w 
+(dist(it?, it) + dist(it, it) — dist(i>, u))x u 
+(dist(it?, v) + dist(it, v) — dist(i>, v))x v + (x w + x u — x v ). 

As we know, dist(it, j) — dist(i;, j) = — 1 and dist(it;, j) > 1, for j e A U (B \ 
{w}), so 

(dist(w,j) + dist(it, j) — dist(f, j))xj ^ 0. 

jeAu(B\{w}) 
Similarly, we can get 



y^(dist(w, j) + dist(it, j) — dist(i>, j))xj > 0. 



Since 



dist(it?, w) + dist(it, w) — dist(i?, it?) = —1, 
dist(iu, it) + dist(it, it) — dist(i;, it) ^ 0, 
dist(iu, v) + dist(it, v) — dist(i>, v) ^ 3, 

combining these with all the above equations and inequations, we get 

(A^G) + l)(x w + x u - x v ) > 0, 

which implies Ai(G') > A^G). 

This completes the proof. □ 



2 Applications 



The graph G n ^ is a graph obtained by adding paths P^+i, ■ . . , P; n _ fc+ i of 
almost equal lengths (by the length of a path, we mean the number of its 
vertices) to the vertices of the complete graph K n _ k ; that is, the lengths 
h,..., l n ~k of Pi 1+ i, • • • , Pi n _ k +i which satisfy \h - lj\ ^ 1; 1 < i,j ^ n - k. 

is a graph obtained by joining k independant vertices to one vertex 
of K n _ k . 

Theorem 2.1. Of all the connected graphs with n vertices and k cut vertices, 
the minimal distance spectral radius is obtained uniquely at G n ^- 

Proof: We are supposed to prove that if G is a connected graph with n 
vertices and k cut vertices, then Ai(G) ^ Ai with equality only when 

G = G riy k- Let Vi be the set of the cut vertices of G. Note that if we add some 
edges to G such that each block of G — V% is a clique, denoting the new graph 
by G', then distc^, j) ^ dist<3/(i, j). Consequently, D(G) ^ D(G'), which 
implies Ai(D(G)) ^ Ai(£>(G')) with equality only when .0(G) = D(G'). 
So, in the following, we always assume that each cut vertex of G connects 
exactly two blocks and that all these blocks are cliques. Order the cardi- 
nalities of these blocks a\ ^ a 2 ^ ■ ■ • ^ flfc+i ^ 2 and denote the blocks by 
K ai , . . . , K a . If k = 0, then G = K n and the theorem holds. If k = n — 2, 
then G is the path G n)U _2. If = n— 3, then ai = 3, a 2 = ■ ■ ■ — Q>k+i — 2. The 
result follows from a repeated use of Theorem 11.11 Thus we may assume that 

1 ^ k ^ n— 4. Moreover, we observe that a\ = n+k — (a2 + - ■ -+ak+i) ^ n—k. 

Choose G such that the distance spectral radius is as small as possible. 

Claim. a\ = n — k. 

Otherwise, ai ^ n — k — 1, which implies a 2 ^ • ■ • ^ Oj ^ 3 for some i, 

2 <i < k+1. 

Suppose K aii , . . . , K ah are the blocks, each of which contains at least two 
roots of pendant paths of G. Let V be the set of pendant paths whose roots 
are contained in K a .^ , . . . , K a . t and P m be one of the shortest pendant paths 
among V . Suppose the root of P m is contained in K a . for some 1 ^ s ^ t 



9 



and Pi is another pendant path whose root is also contained in K a . s . Then 
we have ^ I — m ^ 1. Otherwise, by Theorem ll.il we can find a graph G' 
such that Ai(Cr) > Ai(G'), which is a contradiction. We label the vertices of 
G such that 

Pin V\ • • • V m , 

Pi = V m+ i ■ ■ ■ V m+ i, 

V(K ais )\{v m ,v m+1 } = {«!,..., u r }, 

where v m and v m+ i are the roots of P m and Pi, respectively. Suppose u\ is a 
cut vertex of G such that G[V(Ci) U {mi}] contains at least one block K ah , 
for some 1 ^ h ^ i, where C\ is the component of G — U\ which does not 
contain v m . 

Let N Cl («i) = {w\. . . . , and 

G' = G - v m u 2 v m u r - v m v m+ i 

+ WiU 2 H h + WiV m+1 + 



+ w q ^iu 2 H h w q -iu r + wvitWi 

Then G' is a connected graph with n vertices and k cut vertices. 

In the following, we consider the graph G' . Since V(G') = V(G), we 
partition V(G') into A U {«i} UBUC, where 

^4 = V(P m ), 

C = V(G)\(iU{ Ul }UB). 

From G" to G, the distances between A and S U {wi}, {wi} and £> are 
unchanged; the distances between B and C are increased by 1; the distances 
between A and C are decreased by 1. Let x = (x%, . . . ,x n )* be a positive 
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eigenvector corresponding to Ai (G'). Then we have 

^(G) - A 1 (G')) > 1 -x t {D(G)-D(G'))x (2.1) 

- E^~E^ E^- 

\j<=B jeA J jeC 

Case 1. x j ~~ x j > 0- 

jeB " jeA 

From inequality (12. 2p . we get that Ai(G) > Ai(G'), which is a contradic- 
tion. 

Case 2. ^ ccj — ^ Xj ^ 

ie-B ' jeA 

n 

Since D(G')x = Ai(G')x, i.e., Ai(G')xj = Yl dist(i, j)xj, we can easily 
get that 

ai(g') (e>;-E^J = E (E dist ( M ^)-E dist ^ z )p 2 ) 

VjeB jeA / igau{«i} \ms-B ugA / 

+ j dist(w, i) — dist(f , i) | .r, 

iGB \uG-B UGA 



+ E ( E dist ( M ' o ~ E disti 

JSC \mG-B dGA 



Since (j[V(Ci)U{ui}] = G"[l / (Ci)U{-ui}] contains at least one block A - ^, for 
some 1 ^ h ^ i, G'[V(Ci) U {mi}] must contain at least two pendant paths 
P' and P" whose roots are contained in the same block. Denote the roots 
of P' and P" by uj\ and U2, respectively. Suppose distG'(v m +i, oji) = k, then 
k ^ 2 and distctr(v m +i, 0J2) = k. As we know, P' and P" are two pendant 
paths of length at least m, so 
if i G A U {%}, then 

, , s (m + k — l)(m + k) m(m — 1) , 
dist(u,i) - 5^dist(t;,*) ^ 2 x ^ ^ >- - ^; (2.3) 

UG.B uGA 
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if i G B, then 

£dist(u,i)-^dist(v,i) > ^ ~ 2)(fc ~ l ' 



(m-l)fc; (2.4) 



if £ G C, then 



dist(w, z) — dist(f , z) > 0. 



ueB veA 



(2.5) 



is obvious. 

Combining Eqs. O, Q, (J23J wi th (ESJ), we get 



A 1 (G>) fe^-E^J 



> 



2 x 



(m + A; — l)(m + k) m(m—l) 



Xi 

ieAu{ui} 



+ 



(Jfe-2)(fc-l) 



(m — l)k 



E 



> 
> 



,x m(m-l) (fc-2)(fc-l) , 
(m + k- l)(m + k) + - - (to - 



E 



J iG-B 



which is a contradiction. So this case does not exist. 

Up to now, we have proved the claim that a\ = n — k, which implies that 



«'2 



flfc+i — 2. 



From a repeated use of Theorem ll.il we get that G = G n ^- 
This completes the proof. 



□ 



Theorem 2.2. Of all the connected graphs with n (n ^ 4) vertices and k cut 
edges, the minimal distance spectral radius is obtained uniquely at K%. 

Proof: We are supposed to prove that if G is a connected graph with n 
vertices and k cut edges, then A 1 (G) ^ Ai(K^) with equality only when 
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G = K*. Let Ei = {ei, e 2 , . . . , e^} be the set of the cut edges of G. For a 
similar reason to Theorem 12. 1[ we assume that each component of G — Ei is 
a clique. 

If k = 0, then G = X n and the theorem holds. So we assume that k ^ 1. 
Denote the components of G — Ei by K ao , . . . , if afc , where a + ■ ■ • + a k = n. 

Let V ai = {v G K a . : f is an end vertex of the cut edges of G}, and choose 
G such that the distance spectral radius is as small as possible. 

Claim 1. \V ai \ = 1, < % ^ k. 

Otherwise, \V ai \ > 1 for some ^ % ^ k. Suppose u, v G and 
Wj , wi^ G i?i . Let 

G' = G — Wj + uvj . 

Then, G' is still a connected graph with n vertices and k cut edges, and 
dist G /(v h ,Vj) < dist G (^,^)- In G', N Ka .(u) \ {v} = N Ka ,(v) \ {u}, so by 
Theorem II .3[ we get Ai(G') < Ai(G), which is a contradiction. 
So, in the following, we can assume that V ai = {vi}, ^ % ^ k. 

Claim 2. If v s is adjacent to Vt, where ^ t, s ^ k, then deg(i> s ) = 1 or 
deg(v t ) = 1. 

Otherwise, deg(v s ) ^ 2 and deg(t> t ) ^ 2. Denote by C\, C2 the compo- 
nents of G— v s v t which contain v s and v t , respectively. Suppose N(v s )\{v t } = 
{v k+ i, . . . , v k+r } and u G N(v t ) \{v s }. Let 

G' = G - v s v k+ i - ... - v s v k+r + v t v k+ i + . . . + v t v k+r . 

Then, G 1 is still a connected graph with n vertices and k cut edges, and 
distc' (u,v k+i ) < distc(u,v k+i ) (1 ^ i ^ r). In G", v s v t is a pendant edge, so 
by Theorem II .3[ we get Ai(G') < Ai(G), which is a contradiction. 

Since G is connected, combining Claim 1 with Claim 2, we get that G = 

K k . 

n 

This completes the proof. □ 
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